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Abstract We set out a dynamic model to investigate optimal time paths of emis-
sions, carbon stocks and carbon sequestration by land conversion, allowing for
non-instantaneous carbon sequestration. Previous research in a dynamic general
equilibrium framework, assuming instantaneous carbon sequestration, has shown
that land conversion should take place as soon as possible. On the contrary, previous
research within a partial equilibrium framework has shown that, with increasing
carbon prices, it is optimal to delay carbon sequestration through land conversion.
We show that land use change alternatives, e.g. reforestation, have to be used as soon
as possible before the singular path is reached, i.e. the unique trajectory that brings
the system to the steady-state. We also show that faster increasing carbon prices can
induce a reduction in the rate of reforestation, and that this may take place after
an initial phase of increased reforestations or even immediately, depending upon
the shape of the increase in carbon prices. Finally, we show that the type of species
used is relevant and that the land conversion rate gets smaller the longer it takes the
trees to grow. We analyze four different carbon accounting methods, describing the
conditions that make them efficient and discussing the comparative advantages of
each of them.

1 Introduction

Carbon sequestration through land use changes and forestry (LULUCF) has been
an important topic in international negotiations on climate change and has received
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considerable attention in the climate change literature. The Kyoto Protocol and the
Marrakech Accords include these alternatives and any meaningful future climate
policy will continue to do so. However, alternatives like reforestation use up land,
which is a finite resource, so that we need to decide when to utilize land based
carbon sequestration alternatives. Unfortunately, the theoretical literature on the
topic provides contradictory advice. Feng et al. (2002), FZK from now on, address
this issue using a stylized optimal control model that integrates land use and emission
reduction alternatives (atmospheric CO2 concentrations and land available are stock
variables in their model). Given the initial conditions that they consider more
realistic, the optimal carbon price is positive and increases over time. With this
increasing carbon price, they show that sequestration should be utilized as early
as possible, and that the availability of carbon sinks raises optimal emissions, or
decreases the degree of emission reductions needed. On the other hand, van’t Veld
and Plantinga (2005), henceforth VP, show that if carbon prices increase over time it
becomes optimal to delay carbon sequestration projects, whereas the optimal timing
of energy-based abatement projects remains unchanged. They show this analytically
using a partial equilibrium model focused on the incentives for the forest owner and
assuming exponentially growing carbon prices, and then extend their analysis to an
Integrated Assessment Model. That is, both models are consistent with projections
from Integrated Assessment Models which predict carbon price increases, but their
recommendations about the timing of sequestration projects could not diverge more.

The paper by FZK is a general equilibrium model that analyzes the problem
from the point of view of a Social Planner. The main shortcoming when applied to
forestry alternatives is that it assumes that sequestration takes place instantaneously
(one piece of land can only hold the equivalent to one ton of carbon and the
maximum capacity is reached immediately). This is a strong assumption since trees
need decades or even centuries to reach their maximum biomass. In addition, this
assumption does not allow us to analyze the main reason for VP’s result, which is
not the effect of rising carbon prices, but the fact that trees grow faster when they
are young (implying an incentive to delay land use changes to the moment when
prices are higher). Another consequence of this assumption is that it is not possible
to distinguish carbon accounting methods where payments are based on the amount
of carbon sequestered in each moment in time from methods where the payment is
based on the amount of land devoted to carbon sequestration. Ragot and Schubert
(2008) have extended FZK’s model to exponentially decaying carbon accumulation
in soils, focusing on the future liberation of carbon (which they show that will never
take place). However, to keep the model tractable they assume that land conversion
is a discrete variable that can only take two levels 0 or ā (the maximum technical
capacity). Thus, their model is not appropriate to study the impact on the carbon
sequestration path of increases in carbon prices (except if the impact is so important
to change the discrete choice). Caparrós and Zilbermann (2008) have extended
FZK’s model to allow for different types of trees and for all kind of growth functions.
Unfortunately, complexity usually comes at the price of clarity and although they
discuss qualitatively the carbon sequestration path they do not provide a simple
analytical expression for this path.

In this paper, we develop the model proposed by FZK assuming that when land
is converted (e.g. through a reforestation) carbon sequestration takes place at two
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moments in time, separated by φ units of time, and that in the first period seques-
tration is larger than in the second. This implies having an optimal control problem
with time-delayed variables (Frankena 1975) and it is the simplest framework that
takes into account the fact that trees need time to reach their maximum biomass and
that growth is stronger in the first years. We show that land use change alternatives
(reforestations) have to be used as soon as possible before the singular path is reached
(as shown by FZK); and that when prices increase the optimal land conversion
rate at the singular path increases initially but is soon reduced (the second part of
this behavior at the singular path is in line with the findings by VP). We do the
analysis for the three carbon accounting methods analyzed by FZK and for the
land conversion subsidy proposed by Stavins (1999) (in FZK the land conversion
method is indistinguishable from the payment for the stock of carbon since land
conversion and carbon stock go hand in hand in their model). Analyzing the outcome
with different accounting methods is relevant because how to account for carbon
sequestration remains an open question (see Richards et al. 2004 and 2006), given
that the Kyoto Protocol only determines the accounting methods to be used under
the Clean Development Mechanism (CDM) and that neither the European Union
nor the United States have yet decided the carbon accounting method to be used.

2 The model

A society is emitting e(t) units of carbon at time t. The benefits from emissions that
determine the demand for carbon emissions are B(e(t)), with B(0) = 0, B′ (·) > 0,

B′′ (·) ≤ 0 and lim
e→∞ B(·) = ∞. Damage caused by carbon stored in the atmosphere,

C(t), is denoted by D(C(t)), with D(0) = 0, D′ (·) > 0, and D′′ (·) > 0. Atmospheric
carbon content decays naturally (σ ) and can be reduced through land use changes,
such as reforestations or soil carbon sequestration practices. The opportunity cost of
these activities depends on their acreage. We call A(t) the total units of land enrolled
in a carbon sequestration programs at time t, with A(0) = 0, and Q(A(t)) the net
opportunity cost of enrolling these units of land in the sequestration programme
instead of devoting them to agriculture or the most profitable alternative use, with
Q(0) = 0, Q′ (·) > 0, Q′′ (·) > 0 and lim

A→Ā
Q(·) = ∞ (this assumption allows us to

take into account the fact that the last land units will never be converted). The
amount of land that is enrolled in a carbon sequestration programme at time t
is called a(t). This can refer, e.g., to a reforestation program or to a soil carbon
sequestration program on agricultural land (to make the presentation easier we will
refer from now on primarily to reforestations). A positive a(t) at time t means that
a(t) land units have been newly enrolled in the carbon sequestration program. This
implies an immediate sequestration of θ units of carbon and a delayed sequestration
of ϕ units of carbon (delayed for φ units of time). This is the simplest framework
that allows us to take into account the fact that trees need some time to reach their
maximum biomass. When land is taken out of the carbon sequestration program θ

units of carbon are immediately released while ϕ units of carbon take φ units of time
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to be released (due to slow oxidation of biomass 1). This is the main difference with
FZK, where a(t) represents both land converted and carbon immediately sequestered
(one ton of carbon per unit of land).

The Social Planner’s problem is:

V0(A, C, e, a) =
∫ ∞

0
e−rt[B(e(t)) − D(C(t)) − Q(A(t))] (1)

Ċ = e(t) − θa(t) − ϕa(t − φ) − σC(t) (2)

Ȧ = a(t), (3)

C(0) > 0; A(0) ≥ 0 ; 0 ≤ A(t) ≤ Ā ; a
¯

≤ a ≤ ā (4)

This is an optimal control problem with time-delayed variables (Frankena 1975).
The current-value Hamiltonian and the necessary conditions are:

Hc =[B(e(t))−D(C(t))−Q(A(t))]−λ(t)
[
e(t)−θa(t)−ϕa(t−φ)−σC(t)

]−μ(t)a(t)

∂ Hc

∂e
= −λ(t) + B′(e(t)) = 0 ⇒ λ(t) = B′(e(t)) (5)

max
a

Hc ⇒ a(t) =
⎧⎨
⎩

ā
a
¯[a

¯
,ā]

⎫⎬
⎭ (6)

i f
∂ Hc

∂a(t)
+

∣∣∣∣ ∂ Hc

∂a(t − φ)

∣∣∣∣
t+φ

= −μ(t) + θλ(t) + ϕλ(t + φ)

⎧⎨
⎩

> 0
< 0
= 0

⎫⎬
⎭

λ̇(t) = rλ(t) + ∂ Hc

∂C(t)
+

∣∣∣∣ ∂ Hc

∂C(t − φ)

∣∣∣∣
t+φ

= (r + σ) λ(t) − D′(C(t)) (7)

μ̇(t) = rμ(t) + ∂ Hc

∂ A(t)
= rμ(t) − Q′(A(t)) (8)

lim
t→∞ e−rtλ(t) = 0; lim

t→∞ e−rtμ(t) = 0.

1Dewar and Cannell (1992) show that the rotation is a good approximation for the lifetime of wood
products. Thus, although it is true that immediate liberation after cutting is larger than immediate
sequestration after planting, assuming the same growth and decline function is reasonable, at least in
a highly stylized model as the one that we are presenting. In any case, relaxing this assumption would
probably not change the qualitative behavior of the system. Another caveat of our assumption is that
we are implicitly assuming a fixed technology, since neither growth nor decay functions change over
time.
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Setting Ċ = Ȧ = λ̇ = μ̇ = 0, the steady-state is given by:

e∗ = σC∗ (9)

a∗ = 0 (10)

C∗ = D′−1 ((
(r + σ) B′ (e∗))) (11)

A∗ = Q′−1

(
r (θ + ϕ)

(r + σ)
D′ (C∗)) (12)

This enables us to write the following remark.

Remark 1

(i) The long-run targets of controlling global warming are independent of the
sequestration possibilities.

(ii) The larger the total amount of carbon sequestered per unit of land (θ + ϕ), the
larger the amount of land devoted to carbon sequestration at the steady-state.
The moment where this sequestration takes place has no impact.

Part (i) of this remark comes from the fact that the steady-state level of e and C
are given by Eqs. 9 and 11 (this part also holds in FZK). The intuition for this result
comes from the fact that, at the steady-state, no reforestation take place since we
have already used all the land available, or the part of the land for which it makes
economic sense to reforest given the cost and benefits involved. In addition, all the
forests planted in the past will have reached their maturity. Therefore, the steady-
state amount of carbon that we can emit depends essentially on the marginal benefits
of emissions, on the marginal damages of atmospheric CO2 stocks and on the decay
rate of these stocks. Nevertheless, it is also true that we assume that marginal benefits
from emissions and damages caused by atmospheric CO2 are independent from the
particular land uses in place, and this may not be true in reality . Part (ii) of the
remark comes from the monotonicity of Q′ and tells us that if we use species for
reforestation that can yield a large amount of carbon sequestration per unit of land,
the amount of land devoted to forests at the steady-state will be larger. In other
words, if we use redwoods (sequoias) for reforestations we will end up doing more
reforestations.

As the first part of the previous remark already suggests, the qualitative behavior
of emissions and carbon concentrations is relatively unaffected by the delay in carbon
sequestration. In fact, the (quasi)phase diagram in the e(t) and C(t) space is similar
to the one in FZK. From Eq. 2 we know that the Ċ = 0 locus is linear and upward
sloping, its location depending on a(t) and a(t − φ). Taking the time derivative of
Eq. 5 and substituting into Eq. 7 we get:

ė(t) = (r + σ) B′(e(t)) − D′(C(t))
B′′(e(t))

From this equation we know that the ė(t) = 0 locus is downward sloping and
independent of the level of a(t) and a(t − φ). Thus, following the graphical analysis
in FZK (with some minor variations) it is possible to show that the equilibrium in
the e(t) − C(t) space will be a saddle-point reached from the northwest by reducing
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emissions and increasing carbon stocks, or from the southeast with the inverse
behavior of emissions and carbon stocks. As FZK point out, the relevant path is
the one from the northwest, since all the evidence suggests that we are above the
optimal long-term emissions of greenhouse gases and that we will continue to build
up carbon stocks in the atmosphere before reaching a new steady-state. Furthermore,
taking into account the monotonicity along the singular path for of e(t), C(t), A(t),
proven in the following proposition (which is the equivalent to Propositions 3 and 4
in FZK), it is possible to show that the whole system will in fact have a saddle-point
(following a similar reasoning to the one proposed by FZK).

Proposition 1

(i) Along the singular path, e(t) and C(t) are monotone,
(ii) Along the singular path, A(t) is monotone if and only if

r >
θλ̈(t) + ϕλ̈(t + φ)

θλ̇(t) + ϕλ̇(t + φ)
(13)

Proof Appendix A.1. 	


As in FZK, condition (13) demands that the emission damage is not too convex.
That is, the general behavior of the system is qualitatively relatively similar to
FZK’s model (as should be expected): all relevant variables approach monotonically
their steady-state values, and the equilibrium is a saddle-point under reasonable
assumptions.

The following two propositions discuss the behavior of our main variable of
interest, the conversion of land (a(t)), focusing on the differences introduced by the
delay in carbon sequestration.

Proposition 2

(i) Given the starting point {C0, A0}, the optimal path will move to the singular
path as soon as possible, by setting a(t) to be either a

¯
or ā and choosing e(t)

accordingly. The system will then stay on the singular path forever, approaching
the steady-state.

(ii) The land conversion rate on the singular path is given by

a(t) = θ F(t) + ϕF(t + φ)

Q′′(A(t)) + θ D′′(C(t)) + ϕD′′(C(t + φ)
(14)

where F(t) = [−σ (r + σ) B′(e(t)) + σ D′(C(t)) + D′′(C(t))
[
e(t) − σC(t)

]]

Proof Appendix A.2. 	


Part (i) of this proposition is still identical to the equivalent propositions in FZK,
showing that the behavior before the singular path is reached is not changed by the
fact that carbon sequestration takes place over more than a single period. However,
the path of the land conversion rate is indeed changed (Proposition 3.(ii)). Before the
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singular path is reached the Social Planner tries to get to the singular path as soon as
possible (setting a(t) to be either a

¯
or ā), afterwards the Social Planner decides the

land conversion rate comparing current changes in marginal costs of land enrollment
with current and future (φ units of time ahead) values associated with emissions and
atmospheric carbon concentrations.

For the most relevant approach path (where ė(t) < 0 and Ċ > 0, see above) we
can write the following proposition (we have assumed D′′′(C(t)) ≤ 0 to simplify the
proof, but even with D′′′(C(t)) > 0 the proposition can hold; i.e. D′′′(C(t)) ≤ 0 is a
sufficient condition).

Proposition 3 Assume ė(t) < 0, Ċ > 0 and D′′′(C(t)) ≤ 0.

(i) The larger the proportion of growth delayed, the lower the amount of land
converted in each period.

(ii) The larger the delay, the lower the amount of land converted in each period.

Proof Appendix A.3. 	


That is, the slower the trees grow, the smaller the amount of land that is converted
each year. Nevertheless, taken with Remark 1(ii) this proposition tells us that when
we use slow growing trees it will probably take us longer to reach the steady-state.
To be more precise, we can ensure that it will take us longer to reach the steady-state
if the singular path is reached immediately, after the initial reforestation of ā units of
land (eventually deforestation of a

¯
units), but we cannot rule out the possibility that

the initial period where ā units of land are reforested takes longer with the slower
growing species. In any case, along the singular path we are going to plant fewer
each year, but the steady-state level is not going to depend on the rate of growth of
the trees. However, the larger the trees get (the more carbon per hectare that they
can absorb), the more hectares will ultimately be devoted to carbon sequestration
programs.

3 Implementation mechanisms

Most of the carbon accounting methods proposed in the literature can be classified
into three major types, payment for carbon growth, payment for the stock of carbon
or payment for land conversion. We will now discuss two methods that fall into the
first category and one method for each one of the other two categories. We also link
these four methods to similar methods proposed in the literature and to the rules
within the Kyoto framework. In all cases we assume that an efficient emission trading
system is in place that sets the price for carbon, P(t), such that P(t) = B′ (e(t)) = λ(t).

The ‘Carbon Flow Method’ (CFM) was proposed in the early literature on the
impact of carbon sequestration on optimal rotations (Englin and Callaway (1993)
or van Kooten et al. (1995)) and essentially implies that the land owner (or forest
owner) gets paid when carbon sequestration takes place and has to pay when carbon
is released. The amount to be paid is set equal to the carbon price associated with
CO2 emissions. The payment can come from the government (with a subsidy for
sequestration and a tax on liberation) or from an efficient carbon trading system. VP
use this method and FZK call it ‘pay-as-you-go’, although in their case it is not clear
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whether the payment occurs for carbon sequestration or for land conversion (since
both are synonymous in their model). This is a reasonable incentive mechanism to
be set up by Annex-I governments within the Kyoto framework since what counts at
the international level is the total carbon budget of the country (the average during
the commitment period). Richards et al. (2006) also present this method as one of
the best alternatives to be used in the United States.

The Carbon Annuity Account (CAA) method, proposed in FZK, has received
less attention although it is a potentially interesting method. Similar to the CFM, the
generator of a sink is paid the full value of the carbon emission price (the full value
of a permanent reduction). However, instead of being paid to the forest owner (or
the farmer, or whoever sequesters carbon) it is put directly into an annuity account.
As long as the sink remains in place, the owner can access the earning of the annuity
account but not the principal. When the carbon is released, the principal is reduced
at the on-going carbon emissions permit price.

Under the Variable Length Carbon Contract (VLCC) method the forest owner
gets paid a smaller amount for each ton of carbon sequestered for a given period
of time. FZK use the term Variable Length Contract (VLC) and apply it to the
conversion of land for a given period of time. However, as said above, enrollment
of land and sequestration of the full amount of carbon go hand in hand in their
model, so that their concept can be applied to both, to carbon sequestered or to
land enrolled. We use the term VLCC when applied to carbon while we call it Land
Conversion Subsidy, see below, when applied to land. The carbon ‘rental fee’ used
in Sohngen and Mendelsohn (2003), where the forest owner gets paid a fee for each
ton of carbon stored, is a variation of the VLCC (setting the sequestration period
considered equal to one year). The price paid is in both cases based on the increase
in carbon prices and is always lower than the carbon price associated with CO2

emissions. Another variation of this method is know as the ‘ton-year-accounting-
method’ (see Moura-Costa and Wilson 2000). With this variation, the sequestration
period considered is always one year, as in the ‘rental fee’ method, but instead of
reducing the price to be paid what is reduced is the quantity of carbon credited (by an
equivalence factor that captures the benefit associated with sequestering one ton of
CO2 in the forest biomass for one year; this equivalence factor is estimated based on
the cumulative radiative forcing of an emission of CO2 over a 100-year time horizon).
The carbon accounting methods for the Clean Development Mechanism included
in the Marrakech Accords (an agreement that completes the Kyoto Protocol) are
variations of the VLCC method, setting the time period equal to 5 years for the t-
CER method and equal to 30 years for the l-CER. Although the agreement obviously
does not say how the price should be formed, it is easy to show that the incentives
established imply that the price will be formed as a function of the increase in carbon
emission prices (Olschewski and Benitez 2005). However, the Marrakech Accords
also establish a maximum time frame for the contract equal to 60 years.

Stavins (1999) or Lubowski et al. (2006) propose a Land Conversion Subsidy
(LCS) for the conversion of land to forest and a tax on the conversion of land out of
forest. A second feature of the policy is a requirement that afforested lands remain in
forest for a specified period of time. The VLC proposed in FZK, when applied to land
and not to carbon sequestered, could also be seen as covering the LCS. As stated by
Lubowski et al. (2006), this method is similar to the Conservation Reserve Program
(CRP) in the United States, established by the Food Security Act of 1985, which
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provides annual rental payments to landowners voluntarily retiring environmentally
sensitive land from crop production under 10- to 15-year contracts. The current
subsidies for reforestations in the European Union are also a variation of this
method. Thus, this method is a reasonable way to encourage carbon sequestration
in practical terms; giving the experience gained with previous programs.

FZK show that the CFM and the CAA are always efficient and that the VLC are
efficient when the price paid for holding one unit of land (one ton of carbon) in the
new use for τ periods of time is equal to: q(t, τ ) = P(t) − e−rτ P(t + τ). In this context,
being efficient means that with the particular implementation mechanism the optimal
land conversion path for the landowner is the same as the optimal path for the Social
Planner. In our framework we can write:

Proposition 4 Assume that an efficient carbon price exist in the economy (P(t) =
B′ (e(t)) = λ(t)). Then:

(i) The CFM is efficient.
(ii) The CAA is efficient.

(iii) The VLCC is efficient if the price per unit of carbon sequestered for τ periods is
set equal to:

q(t, τ ) = P(t) − e−rτ [P(t + τ)] (15)

(iv) The LCS is efficient if the price per unit of land converted, and maintained in the
new use for τ periods, is set equal to:

m(t, τ ) = [
P(t) − e−rt P(t + τ)

] [
θ + ϕ

a(t − φ, τ)

a(t, τ )

]
(16)

Proof Appendix A.4. 	


Proposition 4 shows that FZK’s result for the CFM and the CAA holds in our
framework, as well as their condition for the VLC (now only applicable to what we
have called the VLCC). In addition, Proposition 4(iv) shows that the LCS can also
be made efficient. The problem is that we now need to know the growth function of
the trees (given in our case by the parameters θ, ϕ and φ) when writing the contract
(to specify the amount paid to the landowner per unit of land converted, m(t, τ )). In
our world of perfect information this is not a particular problem, but if we would like
to apply this to the real world it may be easier to use a method like the VLCC where
we do not need to know the growth function when writing the contract (with the
VLCC we need to measure growth to determine the amount to be paid to the forest
owner, but with the LCS we need to predict future growth while writing the contract).
Nevertheless, in both cases we need to know the evolution of prices, although brokers
may be more used to dealing with contracts where the price is unknown.

4 Rising carbon prices

VP use the CFM, so that we could potentially link the two papers and study
whether their results hold in our framework. VP base their analysis on two stylized
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facts: (i) carbon sequestration by forests tend to decline over time and (ii) carbon
prices are expected to increase over time. With these assumptions VP show that an
increase in carbon prices will reduce the amount of carbon sequestration offered
(more precisely, they compare a situation with constant prices and a scenario with
exponentially increasing carbon prices). We can translate the first assumption into
our framework by assuming that θ > ϕ. However, assuming exponentially increasing
carbon prices is problematic since the price for carbon will eventually stabilize at
P∗ = B′ (e∗) in our model (having said this, we will analyze the implications of
exponentially increasing carbon prices below). For the approach path that we have
shown above to be more relevant, emissions will continuously decrease until the
steady-state value e∗ is reached. Since B (e(t)) is concave this means that B′ (e(t))
will increase but at a decreasing rate until B′ (e∗) is reached. Letting P∗ = B′(e∗)
be the steady-state carbon price and P(0) = B′ (e(0)) = P∗ − P̄0 the initial carbon
price, the following functional form

P0(t) = P∗ − P̄0e−αt

can approximate reasonably well the path follow by B′ (e(t)) .

Under this assumption, and using the fact that at the optimal path μ̈(t) = rμ̇(t) −
Q′′(t)Ȧ(t), we can write the land conversion rate at the singular path as:

a(t) = θ
[
r Ṗ(t) − P̈(t)

] + ϕ
[
r Ṗ(t + φ) − P̈(t + φ)

]
Q′′(A(t))

or

a(t) = α(r + α)P̄0
(
θe−αt + ϕe−α(t+φ)

)
Q′′(A(t))

(17)

Let us assume an increase in α (form α1 to α2, with α2 > α1) and call V(t) the
difference in the numerators2 of a2(t) and a1(t) induced by the higher value of α

(the speed at which we move to the equilibrium price). At t = 0 this implies a higher
amount of land converted if V(0) is positive, i.e., if:

θ [α2(r + α2) − α1(r + α1)] + ϕ
[
α2(r + α2)e−α2φ − α1(r + α1)e−α1φ

]
> 0

Since the first term in square brackets is always larger than the second, this
expression is always positive (with θ > ϕ). For the same reason, the larger the
proportion of θ over ϕ the larger V(0) gets. However, given the exponential way
in which α enters in Eq. 17 as soon as:

t >
ln

(
α2(r+α2)(θeα2φ+ϕ)

α1(r+α1)(θeα1φ+ϕ)

)

(α2 − α1)
− φ = t̂0

V(t) will be negative. In addition, the influence of Q′′(A(t)) is to reduce the difference
between a1 and a2, since the larger the amount of previous land conversions the
larger Q′′(A(t)). Thus, before t̂0 is reached a2(t) will cross a1(t) from above and will

2Remark that the denominators of a1(t) and a2(t) are only the same at t = 0.
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Fig. 1 Reforestations (a(t))
for two different carbon price
increases. The dotted line is for
α1 and the full line for α2, with
α2 > α1
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then stay below. Nevertheless, the difference between a2(t) and a1(t) will constantly
be reduced until they both reach the steady-state value a∗ = 0. That is, faster rising
carbon prices initially increase the amount of land conversions but soon the impact
obtained is just the opposite and the land conversion rate is reduced (this second part
of the behavior at the singular path coincides with the findings by VP). Figure 1 shows
an example of this behavior for arbitrarily chosen parameter values.3 The particular
values in Fig. 1 obviously change if the parameters are changed, but the general shape
does not (as long as θ > ϕ holds). There are two reasons for this behavior. First, the
increase in carbon prices implies a higher reforestation rate initially and the land
available is therefore used up faster, hence reducing reforestation in the future (this
is captured in Eq. 17 by the increase in Q′′(A(t))). The second reason is that an
increase in α implies that the equilibrium value P∗ is reached faster, so that price
increases in the future are smaller if the price rises faster.

As stated above, VP and others have assumed exponentially increasing carbon
prices. If an emission trading system is in place and banking is allowed, as is the case
in most emission trading systems, we can use an intertemporal arbitrage argument
á la Hotelling to show that net carbon prices should rise at the interest rate (see
Alberola and Chevallier (2007) and the literature quoted there). However, this
argument is only valid for the short term; defining short term as the period where
the stock of emission permits can be considered as an exhaustible resource. In the
long term, the “perfect” Social Planner should take into account the possibility of
arbitrage and allocate emission credits in each period so as to ensure that ultimately
the carbon price follows P(t) = B′ (e(t))). In addition, if net carbon prices are to rise
at the discount rate forever the steady-state carbon price would go to infinity, whilst

3The parameter values used for Fig. 1 are: r = 0.05, P0 = 80, P∗ = 100, θ = 70, ϕ = 30, φ = 60,

α1 = 0.015 and α2 = 0.03. We further have assumed Q(A(t)) = Q0eqA(t), with Q0 = 900000 and q =
0.0003. With these parameter values: t̂1 = 54 and a1(t) ≥ a2(t) ∀ t > 36.
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we know that the steady-state carbon price4 has to be P∗ = B′ (e∗) . In any case, if we
define P̄1 as the initial price and assume that the net carbon price path follows:

P1(t) = P̄1eαt

we have that the amount of land reforested in each period is given by:

a(t) =
(
rα − α2

)
P̄1

(
θeαt + ϕeα(t+φ)

)
Q′′(A(t))

If the carbon price rises at the discount rate α = r, reforestation are zero over the
entire period (showing another difficulty with this assumption in our framework).
On the contrary, if we assume α < r (as in the main part of VP) we obtain a positive
rate of reforestation. Furthermore, if:

r <
α2

2

(
θ + ϕeα2φ

) − α2
1

(
θ + ϕeα1φ

)
α2

(
θ + ϕeα2φ

) − α1
(
θ + ϕeα1φ

) = r̂1

we get initially a1(t) > a2(t) until

t >
ln

(
α2(r−α2)(θ+ϕeα2φ)

α1(r−α1)(θ+ϕeα1φ)

)

(α1 − α2)
= t̂1

is reached,5 afterwards we have: a1(t) < a2(t). On the contrary, if r > r̂1 then a1(t) <

a2(t) from the beginning. That is, if the discount rate is such that α2 < r < r̂1 we
observe initially the behavior shown by VP.

Collecting our results, we have shown in Proposition 2 that before the singular
path is reached, the optimal path will move to the singular path as soon as possible,
by setting a(t) to be either a

¯
or ā. If we start from a situation where A(0) = 0, this

will generally imply reforesting ā units of land until the singular path is reached.
Regarding the singular path, as long as carbon prices rise at a decreasing rate, faster
rising carbon prices initially imply an increase in the amount of land converted, but
soon the amount converted will be lower than the one that would occur with the
lower carbon price increase.

5 Discussion

5.1 The role of reforestation in climate change policy

The first relevant message that comes out from the preceding sections is that the long-
term stabilization goal does not depend upon the availability of carbon sequestration
alternatives. The reason is that in the (very) long term, all the forests planted in

4For the parameter values used in Fig. 1, and setting P(0) = P∗ − P̄0 = P̄1 = 20 both functions (P0(t)
and P1(t)) grow relatively similar for about 30 years, with P0(t) > P1(t), until they cross at t = 28 with
a value around 80. However, for t = 100, P0(t) = 99 and P1(t) = 2968.

5For the parameter values shown in the previous footnotes, r̂1 = 0.036 and t̂1 = 36 with r = 0.33.
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the past will have reached their maturity and we will have used up all the land
available for reforestation, or all the land that makes economic sense to devote to
reforestation given the economic costs and benefits at the time. The level at which we
will ultimately stabilize atmospheric CO2 depends solely on the marginal damages of
atmospheric CO2 stocks, on the marginal benefits of emissions, on the decay rate of
the CO2 and on the discount rate. Nevertheless, the speed at which we approach
this steady-state and the amount of CO2 that we can emit during this approach
path heavily depends on the availability of sequestration alternatives. Furthermore,
the type of forest planted will also play a role. If we choose fast growing species
we will plant more hectares each year, but if we use species that ultimately yield
more carbon per hectare, even if they take a lot of time to reach maturity, we will
end up planting more hectares overall. If our concern is to alleviate the costs of
CO2 emission abatement in the short term, this result would suggest that planting
faster growing species is better, since they will grow faster, by definition, and in
addition we will plant more each year. On the contrary, if we are interested in using
reforestation to reduce the costs of emissions abatement over a long period of time,
we should probably favor species that yield large amounts of carbon per hectare
(e.g. redwoods). If we follow this alternative, forestry will continue to be relevant for
climate change for a long time, not only because we will reforest less each year (as
long as the species chosen grow slowly and/or the proportion of delayed growth is
important), but also because the total amount of land devoted to reforestation will
be larger. If we take into account biodiversity values, which tend to be lower for
fast growing species with short rotations, following the latter and more conservative
alternative may be preferable.

5.2 What implementation mechanism should we choose?

As mentioned above, the CFM has been proposed by Richards et al. (2006) as a
reasonable mechanism for the US and has implicitly been proposed by the Kyoto-
Marakech Process for Annex-I countries, since what is going to be relevant at the
international level is the total net emissions of the country over the commitment
period (that is, emissions from the forestry sector are added to other emissions
and sequestration can then be subtracted). The main reason for this support is the
simplicity of this implementation mechanism. What our analysis has shown is that
the CFM is not only simple, but also efficient. Nevertheless, our analysis says little
about the main disadvantage of the CFM, namely the assumption that if a fire ravages
a forest the owner will not only loose the timber but also pay a tax. This may be
politically difficult to sustain in most countries when catastrophic fires have affected
a whole region.

Our analysis has also shown that the CAA is efficient. Nevertheless, this method
does not share the CFM’s simplicity. Given the complexity of the CAA it is unlikely
to be favored at the international level, although it could potentially be implemented
at the national level.

The reason for selecting a method similar to the VLCC for the Clean Devel-
opment Mechanism (CDM) within the Kyoto framework was precisely the non-
permanence issue discussed above for the CFM. This is especially important in a
project based approach like the CDM, while it is not so important when the carbon
measured is for a whole country (as in the Kyoto Protocol for Annex-I countries).
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Our analysis has shown that the VLCC will probably be efficient, since the conditions
shown in Proposition 4 will probably hold in reality, especially if the length of the
period, τ , equals the trading period of a more or less linked emission trading system
(as is also the case in the Kyoto Framework for the t-CER, not for the l-CER). The
reason is that, as long as the permits are considered as a exhaustible resource, the
carbon price will essentially grow at the discount rate (see the next sub-section), and
this makes it relatively easy to predict increases in carbon prices within the crediting
period (banking would extend this reasoning to several crediting periods).

The only method that will probably not be efficient in practice, in the sense
defined above, is the LCS. Nevertheless, the simplicity of this method in terms of
monitoring should not be overlooked. It is true that we will probably not follow
the social optimum with this method, but even if we are paying more or less than
the “optimum” because we fail in our estimation of future growth rates, monitoring
costs—completely neglected in our analysis—will be significantly lower since we only
need to know if the forest is still there or not.

To sum up, our analysis can only add to the debate on the most convenient
implementation mechanism of the efficiency criterion. All in all, the winner in
this regard is arguably the CFM, although it is closely followed by the VLCC.
Nevertheless, the differences in this aspect are so small that it is probably wiser to
use other criteria to choose. Concerning the impact on biodiversity and/or scenic
values, Caparrós et al. (2003) have shown that the CFM favors forestry management
procedures that promote—or at least do not harm—biodiversity and/or scenic values,
since it tends to favor longer rotations. Unfortunately, the authors did not study the
impact of the VLCC on forest rotation. On the other hand, in a paper closer to ours,
since it studies reforestations, Caparrós et al. (2009) have shown that the CFM tends
to favor fast growing species over species that increase their carbon content more
slowly but ultimately yield higher per hectare carbon contents. The authors also
show, comparing reforestation with eucalyptus and reforestation with cork-oaks, that
a method that pays for the stock, such as the VLCC, tends to increase the amount
of land reforested less, but using species that are closer to the social optimum if
biodiversity-scenic values are included in the analysis (slow growing species tend to
have larger biodiversity-scenic values). Overall, the VLCC method is probably better
for biodiversity and/or scenic values, since Caparrós and Jacquemont (2003) have
shown that the Kyoto Protocol–Marrackech Accords framework protects reasonably
well against biodiversity threats related to forest management (referred to existing
forest) compared to the protection that it offers against sub-optimal selection of
forest species for new forests (reforestations).

5.3 The impact of rising carbon prices on reforestation rates

The third relevant message coming out of our analysis is that the impact of an
increase in carbon prices on reforestation is different if carbon prices increase at a
constant or at a decreasing rate. If carbon prices rise at a constant rate, an increase in
the growth rate of carbon prices may reduce reforestation initially (this will occur
if the discount rate is not too high). On the contrary, if carbon prices rise at a
decreasing rate, faster rising carbon prices will initially increase reforestation, but
will soon after reduce them. Carbon prices will increase following the former path
if emission permits are perceived as an exhaustible resource and firms, or states, are
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allowed to bank between periods. However, if the Social Planner wants the emission
trading system to be efficient, in the sense that it internalizes the external effect
of CO2 emissions, he/she should allocate permits between the different periods in
such a way that the permit price follows the marginal benefits of emissions path.
Since the marginal benefits of emissions increase over time, but at a decreasing rate,
carbon price should follow the same path. That is, as long as permits are perceived as
an exhaustible resource (one or several periods depending on banking regulations)
carbon prices should grow essentially at the interest rate, but in the long run carbon
prices should increase at a decreasing rate. For our long-term analysis the latter is
more relevant.

5.4 Caveats and future research

The model presented in this paper has several caveats. First of all, our model
is deterministic, even though the subject analyzed is surrounded by a number of
uncertainties (climate benefits and damages are uncertain, and so is the impact of
climate change on forest growth). Second, we consider only one type of species, while
there are obviously a lot of different species out there, each of them with different
growth functions. Finally, any analysis of forestry and climate change interactions
that abstracts from biodiversity is clearly incomplete. Our discussion has highlighted
the importance of these values, but more research—and more political effort—is
needed to truly link climate change policy and biodiversity conservation policy. Most
of the issues just mentioned could be included in more complex models, although
it would not be easy to take them all into account at once. Nevertheless, the path
followed here has been to keep the model as simple as possible whilst retaining what
is probably the key feature of any forestry analysis: trees need time to grow.

6 Conclusion

In this paper we have set out a dynamic model to investigate optimal time paths of
emissions, carbon stocks and carbon sequestration by land conversion, allowing for
non-instantaneous carbon sequestration. We have analyzed four different implemen-
tation mechanisms, discussing the pros and cons of each of them and providing the
conditions to make them efficient, in the sense that the optimal land conversion path
for the landowner is the same as the optimal path for the Social Planner. Provided
one of these efficient implementation mechanisms is in place, we have shown that
land use change alternatives (reforestation projects) have to be used as soon as
possible before the singular path is reached. We have also shown that when biomass
growth (carbon sequestration) is greater in the first years and carbon prices rise
at a decreasing rate, faster rising carbon prices initially imply an increase in the
conversion rate on the singular path, but that this will be followed by a decrease
in the amount of land conversions in subsequent years. Finally, we have shown that
the type of species chosen is important, since the optimal behavior will be different
if fast growing species that reach maturity soon are used than if slow growing species
are selected.
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Appendix

A.1 Proof of Proposition 1

• Part (i). To have a complete proof follow the steps in FZK. To show the
monotonicity of ė(t) the only variation is that the condition that FZK use
( −Q′′(t)a(t) = σ λ̇(t) ) is now −Q′′(t)a(t) = σ

[
θλ̇(t) + ϕλ̇(t + φ)

]
and that when

the system is approaching the steady-state from the northwest ė(t) < 0 implies
λ̇(t) > 0 and λ̇(t + φ) ≥ 0 . The steps used in FZK to prove the monotonicity
of Ċ also hold using −Q′′(t)a(t) = σ

[
θλ̇(t) + ϕλ̇(t + φ)

]
since when we are

approaching the steady-state from the left (ė(t) < 0) we have that λ̇(t) > 0 and
λ̇(t + φ) ≥ 0.

• Part (ii). From Eq. 8 and substituting θλ̈(t) + ϕλ̈(t + φ) = μ̈(t) and θλ̇(t) + ϕλ̇(t +
φ) = μ̇(t) (along the singular path) we have:

a(t) = r
[
θλ̇(t) + ϕλ̇(t + φ)

] − [
θλ̈(t) + ϕλ̈(t + φ)

]
Q′′(A(t))

To the left of the steady-state λ̇(t) > 0 and λ̇(t + φ) ≥ 0. Thus, a(t) > 0 if and only
if r

[
θλ̇(t) + ϕλ̇(t + φ)

]
>

[
θλ̈(t) + ϕλ̈(t + φ)

]
. To the right of the steady-state:

λ̇(t) < 0 and λ̇(t + φ) < 0. Thus, a(t) < 0 if and only if r
[
θλ̇(t) + ϕλ̇(t + φ)

]
<[

θλ̈(t) + ϕλ̈(t + φ)
]
. Both conditions hold if:

r >
θλ̈(t) + ϕλ̈(t + φ)

θλ̇(t) + ϕλ̇(t + φ)

A.2 Proof of Proposition 2

• Part (i). Suppose the time path of the co-state variable λ(t) is given. From Eqs. 5
and 7 we know that e(t) and C(t) are determined by λ(t). We write: e(λ(t)) and
C(λ(t), λ̇(t)). We can now re-write the optimal control problem as:

max
a

∫ ∞

0
e−rt [B(e(λ(t))) − D

(
C

(
λ(t), λ̇(t)

))

−λ(t)
[
e(λ(t)) − θa(t) − ϕa(t − φ) − σC(λ(t), λ̇(t))

] − Q(A(t))
]

dt

Ȧ(t) = a(t)
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Replacing a by Ȧ, and integrating
∫ ∞

0 e−rtλ(t)Ȧ(t)dt and
∫ ∞

0 e−rtλ(t)Ȧ(t − τ)dt
by parts:

max
A

∫ ∞

0
e−rt [B(e(λ(t))) − λ(t)e(λ(t))

+ λ(t)σC
(
λ(t), λ̇(t)

) − D
(
C

(
λ(t), λ̇(t)

))]
(18)

+
∫ ∞

0
e−rt [θ A(t)

[
σλ(t) − D′(C(t))

]

+ ϕ A(t − τ)
[
σλ(t) − D′(C(t))

] + Q(A(t))
]

dt

− θλ(0)A(0) − ϕλ(0)A(0 − τ) (19)

Thus, given λ(t), to maximize the overall expression we need to choose A(t) to
maximize the second integral for each time period. Calling the terms inside the
second integral

X = [
θ A(t)

[
σλ(t) − D′(C(t))

] + ϕ A(t − τ)
[
σλ(t) − D′(C(t))

] + Q(A(t))
]
,

the FOC is given by:

∂ X
∂ A(t)

+
∣∣∣∣ ∂ X
∂ A(t − τ)

∣∣∣∣
t+φ

= 0

or:

θ
[
σλ(t) − D′(C(t))

] + Q′(A(t)) + ϕ
[
σλ(t + φ) − D′(C(t + φ))

] = 0

With θλ(t) + ϕλ(t + φ) = μ(t) on the singular path, we know from Eqs. 7 and 8
that this condition is maximized on the singular path. Thus, Eq. 18 is maximized
on the singular path. Since Eq. 18 depends only on A, we want to move to the
optimal path of A, or the singular path, as soon as possible. Thus, the optimal
solution involves choosing a(t) to be either a

¯
or ā until the singular path is

reached, and staying on the singular path thereafter.

• Part (ii). From Eqs. 7 and 8 we know:

λ̈(t + φ) = (r + σ) λ̇(t + φ) − D′′(t + φ)Ċ(t + φ)

μ̈(t) = rμ̇(t) − Q′′(t)Ȧ(t)

Algebraic manipulation yields the desired result using condition (5) and the fact
that on the singular path θλ(t) + ϕλ(t + φ) = μ(t).

A.3 Proof of Proposition 3

Taking the time derivative of F1(t) we have (with ė(t) < 0, Ċ(t) > 0, D′′′(C(t)) < 0)

Ḟ1(t) = [
D′′(C(t)) − σ (r + σ) B′′(e(t))

]
ė(t) + D′′′(C(t))Ċ(t)

[
e(t) − σC(t)

]
< 0

For a given delay φ, the larger the proportion of growth delayed (the larger ϕ

over θ) the lower the amount of land converted in each period according to Eq. 14
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since F1(t + φ) < F1(φ). For the same reason (Ḟ1(t) < 0), the larger the delay (φ),
the lower F1(t + φ) will be and the smaller a(t).

A.4 Proof of Proposition 4

• Part (i). With the CFM, the problem for the land owner is:

max
∫ ∞

0

[
P(t) [θa(t) + ϕa(t − φ)] − Q(A(t))

]
e−rtdt

Ȧ = a(t),

A(0) ≥ 0 ; 0 ≤ A(t) ≤ Ā ; a
¯

≤ a ≤ ā

H1
c = [P(t) [θa(t) + ϕa(t − φ)] − Q(A(t))] − μ(t)a(t)

Necessary conditions are:

max
a

H1
c ⇒ a(t) =

⎧⎪⎨
⎪⎩

ā
a
¯[a

¯
,ā]

⎫⎪⎬
⎪⎭

i f
∂ H1

c

∂a(t)
+

∣∣∣∣ ∂ H1
c

∂a(t − φ)

∣∣∣∣
t+φ

= −μ(t) + θ P(t) + ϕP(t + φ)

⎧⎪⎨
⎪⎩

> 0

< 0

= 0

⎫⎪⎬
⎪⎭

μ̇(t) = rμ(t) + ∂ H1
c

∂ A(t)
= rμ(t) − Q′(A(t))

lim
t→∞ e−rtμ(t) = 0

That is, these conditions together with P(t) = B′(e(t) = λ(t) replicate the social
planner’s problem. Thus, the CFM is efficient.

• Part (ii). Calling M(t) the balance in the CAA account and ψ(t) the co-state
variable for M(t), the problem of the land owner is now:

max
a(t)

∫ ∞

0

[
M(t)r − Q(A(t))

]
e−rtdt

Ȧ = a(t)

A(0) ≥ 0 ; 0 ≤ A(t) ≤ Ā ; a
¯

≤ a ≤ ā

Ṁ(t) = [θa(t) + ϕa(t − φ)] P(t)

The current-value Hamiltonian and the necessary conditions are:

H2
c = [M(t)r − Q(A(t))] + ψ(t) [θa(t) + ϕa(t − φ)] P(t) − μ(t)a(t)



Climatic Change (2009) 96:421–441 439

max
a

H2
c ⇒ a(t) =

⎧⎨
⎩

ā
a
¯[a
¯
,ā]

⎫⎬
⎭ (20)

i f
∂ H2

c

∂a(t)
+

∣∣∣∣ ∂ H2
c

∂a(t − φ)

∣∣∣∣
t+φ

= ψ(t) [θ P(t) + ϕP(t + 1)] − μ(t)

⎧⎨
⎩

> 0
< 0
= 0

⎫⎬
⎭ (21)

θ̇ (t) = rψ(t) − ∂ H2
c

∂M
= r (θ(t) − 1) (22)

μ̇(t) = rμ(t) − ∂ H2
c

∂ A
= rμ(t) − Q′(A(t)) (23)

Equation 22 implies that θ(t) = 1 for all t, since the marginal value of money in
period zero is equal to one (see FZK). Hence, the necessary conditions are the same
as those in the CFM section. Thus, the CAA method is efficient.

• Part (iii). Calling q(t, τ ) the price paid to the land owner for each ton of carbon
sequestered for τ units of time under the VLCC, the land owner’s problem is:

max
a(t,τ )

∫ ∞

0

[∫ ∞

0
q(t, τ ) [θa(t, τ ) + ϕa(t − φ, τ)] dτ − Q(A(t))

]
e−rtdt

Ȧ =
∫ ∞

0
a(t, τ )dτ −

∫ t

0
a(t − τ, τ )dτ

A(0) ≥ 0 ; 0 ≤ A(t) ≤ Ā ; a
¯

≤ Ȧ ≤ ā

H3
c = [P(t)a(t) − Q(A(t))] − μ(t)a(t)

Define

ã(t) ≡ Ȧ =
∫ ∞

0
a(t, τ )dτ −

∫ t

0
a(t − τ, τ )dτ

Plugging the condition for efficiency (q(t, τ ) = P(t) − e−rt [P(t + τ)]) into the
objective function we get:

∫ ∞

0

[∫ ∞

0
q(t, τ ) [θa(t, τ ) + ϕa(t − φ, τ)] dτ − Q(A(t))

]
e−rtdt

=
∫ ∞

0

[∫ ∞

0

[
P(t) − e−rt P(t + τ)

]
[θa(t, τ ) + ϕa(t − φ, τ)] dτ − Q(A(t))

]
e−rtdt

= −
∫ ∞

0
Q(A(t))e−rtdt +

∫ ∞

0

[∫ ∞

0
P(t) [θa(t, τ ) + ϕa(t − φ, τ)] dτ

]
e−rtdt

−
∫ ∞

0

[∫ ∞

0
e−rτ P(t + τ) [θa(t, τ ) + ϕa(t − φ, τ)] dτ

]
e−rtdt
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= −
∫ ∞

0
Q(A(t))e−rtdt +

∫ ∞

0

[∫ ∞

0
P(t) [θa(t, τ ) + ϕa(t − φ, τ)] dτ

]
e−rtdt

−
∫ ∞

0

[∫ t

0
P(t) [θa(t − τ, τ ) + ϕa(t − φ − τ, τ )] dτ

]
e−rtdt

= −
∫ ∞

0
Q(A(t))e−rtdt

+
∫ ∞

0

[∫ ∞

0
P(t) [θa(t, τ ) + ϕa(t − φ, τ)] dτ

−
∫ t

0
P(t) [θa(t − τ, τ ) + ϕa(t − φ − τ, τ )] dτ

]
e−rtdt

= −
∫ ∞

0
Q(A(t))e−rtdt +

∫ ∞

0
P(t)

[
θ ã(t) + ϕã(t − φ)

]
e−rtdt

Thus, we recover the model analyzed in the CFM section, with ã(t) instead of a(t).
Hence, the VLCC method is efficient.

• Part (iv). Calling m(t, τ ) the amount paid to the landowner for each unit of land
hold as forest for τ units of time under the LCS, the problem for the land owner
can be written as:

max
a(t,τ )

∫ ∞

0

[∫ ∞

0
m(t, τ )a(t, τ )dτ − Q(A(t))

]
e−rtdt

Ȧ =
∫ ∞

0
a(t, τ )dτ −

∫ t

0
a(t − τ, τ )dτ

A(0) ≥ 0 ; 0 ≤ A(t) ≤ Ā ; a
¯

≤ Ȧ ≤ ā

When Eq. 16 holds, we can substitute m(t, τ )a(t, τ ) by q(t, τ )[θa(t, τ ) + ϕa(t−
φ, τ)] and recover the problem in the VLCC section. Thus, we can replicate the
reasoning in the VLCC section to show that the LCS is efficient.
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